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It is known that a system of two additive equations of degree k with greater than
4k variables has a non-trivial p-adic solution for all p>k6. The purpose of this
paper is to improve this result to p>3k4. A considerable modification of the
standard method of exponential sums is introduced which uses the HasseWeil sum
estimate for multiplicative characters.  1997 Academic Press
1. INTRODUCTION
It is well known that the number of solutions of polynomial congruences
can be estimated using exponential sums. This is usually an essential
prerequisite to establishing non-trivial p-adic solutions to sets of forms via
Hensel’s Lemma. In this paper we are concerned with the problem of
establishing good bounds on the primes p for which a p-adic solution is
possible for a fixed number of variables. With regard to the latter problem,
Atkinson et al. [1] proved the following result:
Theorem. (Atkinson, Bru dern, and Cook [1]). Let r, k, n be positive
integers with k>1 and n>2rk. Then the system of equations
Fi (x)=ai1xk1+ } } } +ainx
k
n=0, i=1, ..., r
with coefficients aij # Z, has a non-trivial p-adic solution for all p>k2r+2.
In the case of 2 additive equations, r=2, the theorem guarantees a
non-trivial solution for all p>k6, with n>4k variables. See also [2].
The aim of this paper is to improve the bound to p>3k4. The result
involves a considerable modification of the standard method of exponential
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sums. We use a character sum estimate for a polynomial in one variable.
This follows from the results of H. Hasse on the analogue L-functions
belonging to a certain algebraic number field, and the deep theorem of
A. Weil that the congruence zeta function that this L-function divides has
all its roots on the critical line.
The main theorem is:
Theorem 1. Let n, k be positive integers with k>1, n>4k. Then the
system of equations
f (x)=a1 xk1+ } } } +anx
k
n=0
(1)
g(x)=b1 xk1+ } } } +bnx
k
n=0
with coefficients ai , bi # Z, has a non-trivial p-adic solution for all p>3k4.
As usual we must begin by reducing the solution in p-adic integers to a
solution of certain congruences mod p. This we do in the preliminaries to
theorem 1, in which we follow very closely the preliminaries in [2].
I take this opportunity of thanking Prof. R. J. Cook for suggesting this
area of research to me, carefully checking the manuscript and giving much
useful advice on presentation and content.
2. PRELIMINARIES TO THEOREM 1.
We begin by recalling a normalisation procedure introduced by
Davenport and Lewis [4]. With a pair of additive forms f, g (1) we asso-
ciate the parameter
%=%( f, g)= ‘
i{ j
(aibj&bi aj).
For a given pair of forms with %( f, g){0 and a fixed prime p, there is
a related p-normalised pair of forms ( f *, g*). Further the equations f=
g=0 have a non-trivial p-adic solution if and only if the equations f *=
g*=0 do. Also, by the p-adic compactness argument in Davenport and Lewis
[4], it is sufficient to prove Theorem 1 with the additional assumption that
%{0, and use the following property which is essentially Lemma 2 of
Davenport and Lewis [4].
Lemma 2. Let f and g be a p-normalised pair of forms. Then we may
write
f=f0+ pf1
g=g0+ pg1
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Here f0 , g0 are forms in mnk variables, each of which occurs in at least
one of f0 , g0 with a coefficient not divisible by p. Further, if q denotes the
minimum number of variables occurring explicitly in any form *f0+*g0
(*, + not both divisible by p) with a coefficient not divisible by p, then qn2k.
Our next lemma is a version of Hensel’s Lemma; it is Lemma 7 of
Davenport and Lewis [5].
Lemma 3. If p does not divide k and the congruences
f0=a1 xk1+ } } } +amx
k
m #0 mod p
(2)
g0=b1 xk1+ } } } +bmx
k
m #0 mod p
have a solution !=(!1 , ..., !m) for which the matrix
\a1 !1 , ..., am!mb1!1 , ..., bm!m+
has rank 2(mod p) then the equations f0= g0=0 have a non-trivial solution
in p-adic integers.
In the proof of Theorem 1 we have p>3k4, so ( p, k)=1. It is therefore
sufficient to show that the congruences (2) have a solution of rank 2. We
may also suppose that p#1 mod k since otherwise all residues are k th
powers and the congruences (2) reduce to 2 linear equations and the
solutions are obtained by simple linear algebra.
Since n>4k, Lemma 2 gives the bounds m5, q3. We partition the
variables x1 , ..., xm into blocks such that in each block the ratios aibi are
equal (mod p). Let r be the length of the longest block of common ratios
ai bi . We note that replacing f0 , g0 by suitable linear combinations we may
take aibi=‘‘10’’ for these r variables. Further, let t be the length of the
second longest block of common ratios. We may take the ratios in this
block to be ‘‘01’’.
We assert that if t3 then the congruences (2) have a common solution
of rank 2. We know that a single congruence axk+byk+czk#0 (mod p),
( p, abc)=1, has a non-trivial solution for all p>k4 (see Theorem 1 of
Chowla [3]), so our assertion follows from the fact that the congruences
(2) contain two distinct congruences in 3 variables. Now we assume that
t2 and reduce m from its initial value to 5 by discarding variables from
the longest block of common ratios. We end up with a pair of congruences
(2) satisfying
m=5, q3 and r2 (3)
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since r=m&q. To ensure a non-trivial p-adic solution we require that the
solution is of rank 2. We split the proof into two pieces, r=1 and r=2.
3. IMPORTANT DEFINITIONS AND LEMMAS
Definition 4. Let 4=uai+vbi be a linear form in u, v and define
T (4)= :
p
x=1
e \2?ip 4xk+ , (4)
where
e \xp+=exp \
2?i
p + .
Lemma 4. If p does not divide 4 then
T(4)= :
k&1
r=1
/r(4) {(/ r),
where / is a non-principal character of order k, and { is the Gaussian sum
{(/)= :
p
x=1
/(x) e \xp+ .
This is Lemma 4.3 of Vaughan [7].
It is well known that
|{(/ r)|=- p, for 1rk&1. (5)
Lemma 5. (HasseWeil) Let p be a prime number and let / be any non-
principal character (mod p) of order k, where k divides ( p&1). Let B(x) be
a polynomial of the form
(x&a1):1 } } } (x&at):t,
where the ai are all distinct (mod p), and 0<:i<k. Then,
} :x mod p /(B(x)) }(t&1) - p
where the summation is over a complete set of residues mod p.
For an elementary proof see [6], chapters 5 and 6.
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Lemma 6. Let / be a non-principal character of order k, ai , bj # Z, with
ai bj&aj bi 0 (mod p) for i{ j, and ai 0 (mod p) for i=1, ..., t. Let
r1 , ..., rt be integers such that 0<ri<k. Then
} :
p&1
*=1
/ \‘
t
i=1
(ai *+bi)r i+ }(t&1) - p+1. (6)
Proof. Since / is multiplicative and ai 0 (mod p) we have
/ \‘
t
i=1
(ai*+bi)r i+=/ \arii ‘
t
i=1 \*+
bi
ai+
r i
+
=/ \‘
t
i=1
ar ii + / \‘
t
i=1
(*+ci)r i+ ,
where the ci ’s are distinct because aibj&ajbi 0 (mod p), and biai is
interpreted mod p.
So,
} :
p&1
*=1
/ \‘
t
i=1
(ai*+bi )r i+ }
= }/ \‘
t
i=1
arii + :
p&1
*=1
/ \‘
t
i=1
(*+ci)r i+ }
= } :
p&1
*=1
/ \‘
t
i=1
(*+ci)r i+ }
= } :
p
*=1
/ \‘
t
i=1
(*+ci)r i+&/ \‘
t
i=1
crii + }
 } :
p
*=1
/ \‘
t
i=1
(*+ci)r i+ }+1
(t&1) - p+1 (7)
by Lemma 5.
Lemma 7. Let Sn= p&1u=1 |T(u)|
n, with T as (4). Then
|Sn |(k&1)n&1 pn2+1. (8)
See [2] p. 446.
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Lemma 8. Let p#1 mod k, p>k4. If abc0 mod p then the congruence
axk+byk+czk#d (mod p) (9)
has a solution with xyz0 (mod p).
Proof. We count the number N1 of solutions of (8) using exponential
sums,
pN1=:
u
T(au) T(bu) T(cu) e \&dup + .
Separating out the term u#0 mod p,
| pN1& p3| :
u0
|T(au) T(bu) T(cu)|
= :
p&1
u=1
|T(au) T(bu) T(cu)|
{ :
p&1
u=1
|T(au)|3 :
p&1
u=1
|T(bu)| 3 :
p&1
u=1
|T(cu)| 3=
13
.
As u runs through 1, 2, ..., p&1 so does au, bu and cu. Thus each sum
:
p&1
u=1
|T(au)| 3= :
p&1
u=1
|T(bu)| 3= :
p&1
u=1
|T(cu)| 3=S3
So we have
| pN1& p3|S3(k&1)2 p52.
When x#0(mod p), the congruence (8) becomes
byk+czk#d (mod p).
For any given value of y there are at most k solutions for z, so the number
of solutions of (8) with xyz#0 mod p is at most 3kp. Thus for a solution
to (8) with xyz0 mod p we require
p2&(k&1)2 p32>3kp,
p12&3kp&12>(k&1)2.
Since p>k4 we have for k2
p12&3kp&12>k2&
3
k
>(k&1)2.
Thus p>k4 is sufficient for a solution. K
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4. THEOREM 1: THE CASE r=1
In this case any non-trivial solution has rank 2 mod p. We begin using
elementary row operations to put the congruences in the form
f0=xk1+ a3x
k
3+ } } } + am x
k
3 #0 mod p
(10)
g0= xk2+b3x
k
3+ } } } +bmx
k
m #0 mod p
The number N of solutions to the congruences (10) is given by
p2N= :
u, v
T(41) } } } T(45).
Taking across the term due to u=v=0, we have
p2N& p5= :
(u, v){(0, 0)
T(41) } } } T(45). (11)
We now separate the sum into terms for which one of the 4i ’s is zero
(mod p), denoted by 71 , and terms for which none of the 4i ’s are zero
(mod p), denoted by 70 . The estimate of 71 is done in the standard
way using Lemma 8. The estimate for 70 , however, is new and requires
Lemma 6.
5. ESTIMATE FOR 70
We substitute the expression for T given in Lemma 4 into 70 ,
70= :
4 i0( p)
u, v
:
1r ik&1
r1 , ..., r5
/(4r11 } } } 4
r5
5 ) {(/
r 1) } } } {(/ r 5)
= :
1r ik&1
r 1 , ..., r 5
_ :
4 i0( p)
u, v
/(4r 11 } } } 4
r5
5 ) {(/
r 1) } } } {(/ r 5)&
= :
1r ik&1
r 1 , ..., r 5
{(/ r1) } } } {(/ r5) _ :
4 i0( p)
u, v
/(4r 11 } } } 4
r 5
5 )& .
We now fix r1 , ..., r5 and evaluate the inner sum.
S0= :
4i0( p)
u, v
/ \ ‘
5
i=1
4rii += :
4i0( p)
u, v
/ \ ‘
5
i=1
(aiu+bi v)r i+
= :
4 i0( p)
u, v
/ \vr1+ } } } +r5 ‘
5
i=1 \ai
u
v
+bi+
r i
+ .
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Note that uv is well defined here since v=42 0(mod p). The condi-
tions 41 0(mod p), 42 0(mod p) show that we may replace the sum-
mation by  p&1u=1 
p&1
v=1 . We may ignore the restriction 4i 0(mod p), since
if 4j #0(mod p) for some j then /(>5i=1 4
ri
i )=0 and there is no contribu-
tion to the sum. Thus we take the sum over 1u, v p&1. The change
of variables v  v, uv  * is non-singular on Zp*_Zp*, so
S0= :
p&1
u=1
:
p&1
v=1
/ \vr 1+ } } } +r5 ‘
5
i=1 \ai
u
v
+bi+
r i
+
= :
p&1
v=1
:
p&1
*=1
/ \vr1+ } } } +r5 ‘
5
i=1
(ai*+bi )r i+
= :
p&1
v=1
/(vr1+ } } } +r5) :
p&1
*=1
/ \‘
5
i=1
(ai*+bi )r i+ . (12)
We now separate the two cases r1+ } } } +r5 {0(mod k) and r1+ } } } +r5=
0 (mod k).
1. R=r1+ } } } +r5 {0(mod k). Since / has order k, /R{/0 . Hence
:
p&1
v=1
/(vr1+ } } } +r5)= :
p&1
v=1
/(vR)= :
p&1
v=1
/R(v)=0
Hence S0=0 for these values of r1 , ..., r5 .
2. R=r1+ } } } +r5=kw for some w, and so /(vr1+ } } } +r5)=
/(vkw)=1, since / has order k. Thus,
S0=( p&1) :
p&1
*=1
/ \‘
5
i=1
(ai*+bi)r i+ .
Now a2 #0(mod p), and b2 #1(mod p) so,
‘
5
i=1
(ai *+bi)ri= ‘
5
i=1, i{2
(ai*+bi)ri.
Since r=1 no other ai #0 mod p and we may apply Lemma 6 with t=4
to give
S0( p&1)(3 - p+1).
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We can now complete the evaluation of |70 |:
70= :
1r ik&1
r 1 , ..., r5
{(/ r 1) } } } {(/ r 5) _ :
4 i0( p)
u, v
/(4r11 } } } 4
r 5
5 )&
= :
1r ik&1
r1 , ..., r5
{(/ r 1) } } } {(/ r5) S0
But for each set of values of (r1 , ..., r5), |{(/ r1) } } } (/ r5)|= p52 by (5).
Now
70= :
r1+ } } } +r5=0(k)
{(/ r1) } } } {(/ r5) S0+ :
{(/ r1)
r1+ } } } +r5{0(k)
} } } {(/ r5) S0
Hence,
|70 | p52 :
r1+ } } } +r 5=0(k)
|S0 |+ p52 :
r 1+ } } } +r5{0(k)
|S0 |
=p52 :
r1+ } } } +r5=0(k)
|S0 |
It is easy to see that
*[r1+ } } } +r5 #0(mod k) : 1rik&1](k&1)4.
Thus,
|70 | p52( p&1)(3 - p+1)(k&1)4. (13)
6. ESTIMATE FOR 71
First we assume that u#41 #0 mod p. We need to estimate the
contribution to the sum on the RHS of (11) with u#0(mod p). This is
done in the standard way, since bi 0(mod p) for 2i5.
7=( p&1) :
p&1
v=1
‘
5
i=2
T(bi v)
( p&1) :
p&1
v=1
|T(v)| 4=( p&1) S4
since bi 0(mod p) for 2i5. So, using (8)
7( p&1)(k&1)3 p3 p4(k&1)3
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Now we need to multiply by 5 since any 4i could be zero (mod p). Thus
we see that
|71 |5p4(k&1)3. (14)
We can now finish the case r=1. From (11), (13) and (14),
| pN& p5||70 |+|71 |
p52( p&1)(3 - p+1)(k&1)4+5p4(k&1)3.
For N>0 we need
p52( p&1)(3 - p+1)(k&1)4+5p4(k&1)3< p5
or equivalently,
\p&1p +\3+
1
- p+ (k&1)4+5(k&1)3< p.
Now, for p>3k4,
\3+ 1- p+ (k&1)4<3(k&1)4+
(k&1)4
- 3 k2
<3(k&1)4+k2.
Also, ( p&1)p<1, so for p>3k4,
\p&1p +\3+
1
- p+ (k&1)4+5(k&1)3
<3(k&1)4+k2+5(k&1)3
=3k4&7k3+4k2+3k&2
<3k4< p.
Thus we have a solution for all p>3k4.
7. THEOREM 1: THE CASE r=2
We begin by using elementary row operations to put the congruences in
the form
f0=xk1+a2x
k
2+a3x
k
3+ } } } +a5 x
k
5 #0 (mod p)
(15)
g0= b3xk3+ } } } +b5x
k
5 #0 (mod p)
Where possibly a4 #0(mod p), a5 0(mod p) and b3b4b5 0(mod p).
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Lemma 9. Let p#1 mod k. If r=2 then the congruences (15) have a
solution of rank 2 mod p, provided that p>k4.
Proof. We begin by solving
b3 xk3+ } } } +b5x
k
5 #0 (mod p)
with x3x4x50(mod p) using Lemma 8. This solution involves 2 linearly
independent columns of coefficients.
Let A=a3xk3+a4x
k
4+a5x
k
5 . If A#0(mod p), take x1=x2=0 to give the
required solution. If A0(mod p), multiply x3 , x4 , x5 by ! and solve
xk1+a2 x
k
2+A!
k#0 (mod p)
with x1x2!0 mod p using Lemma 7, which also gives us the required
solution. K
Thus we may now combine our two results for r=1 and r=2. We have
shown that the congruences (2) have a solution of rank 2(mod p) for all
p>3k4. Hence by Lemma 3 the equations (1) have a non-trivial p-adic
solution for all such p, and so Theorem 1 is proved.
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